Differentiation

If I have seen further than others, it is by standing upon the shoulders of
giants.

Isaac Newton (1642—1727)

o)
Look at the planet Saturn in the image above. What connection did
Newton make between an apple and the motion of the planets?

In Newton’s early years, mathematics was not advanced enough to
enable people to calculate the orbits of the planets round the sun.
In order to address this, Newton invented calculus, the branch of
mathematics that you will learn about in this chapter.
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The gradient function

A

A

The curve in the diagram has a zero gradient at A, a positive gradient at
B and a negative gradient at C.

Although you can calculate the gradient of a curve at a given point by
drawing a tangent at that point and using two points on the tangent to
calculate its gradient, this process is time-consuming and the results
depend on the accuracy of your drawing and measuring. If you know
the equation of the curve, you can use differentiation to calculate the
gradient.

=» Worked example

Work out the gradient of the curve y = x3 at the general point (x, y).

Solution
Let P have the general value x as its x-coordinate, so P is the point (x, x3).
Let the x-coordinate of Q be (x + /&) so Q is the point ((x + &), (x + h)3).\

VA of @+ by, c + ) Since itis on

the curve
] — 13
| y=x
T+ b3 -x3
pd
o, x3)/ R
x+h-x
X
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The gradient function

The 9radien1’

The gradient of the chord PQ is given by
QR _ (x+h)’ —x?
PR~ (x+h) —x
x5+ 3x2h+ 3xh®+h3 - x3
h

_3x%h+ 3xh®+ k3
- h

_ h(3x%+ 3xh+h?)
- h

=3x2+3xh + h?

As Q gets closer to P, /i takes smaller and smaller values and the gradient
approaches the value of 3x2, which is the gradient of the tangent at P.

The gradient of the curve y = x> at the point (x, y) is equal to 3x2.
I EEEEEEEEE———

If the equation of the curve is written as y = f(x), then the gradient

function is the ~—= function is written as f'(x). Using this notation, the result in the previous

9rac|ien1’ of the
curve at the
general point (x, y).

example can be written as
fx)=x = f(x)=3x%

In the previous example, i was used to denote the difference between
the x-coordinates of the points P and Q, where Q is close to P.

h is sometimes replaced by dx. The Greek letter & (delta) is shorthand
for ‘a small change in’ and so &x represents a small change in x, dy a
small change in y and so on.

(x+dx,y+9d))

In the diagram the gradient of the chord PQ is %

In the limit as 6x tends towards 0, dx and 8y both become infinitesimally

small and the value obtained for % approaches the gradient of the
tangent at P.

lim 5c 18 written as i

227




14 DIFFERENTIATION

Using this notation, you have a rule for differentiation.
y=x" = % = pxh-1

The gradient function v is sometimes called the derivative of y with

y
s aa
respect to x. When you find it you have differentiated y with respect to x.

If the curve is written as y = f(x), then the derivative is f'(x).

If you are asked to differentiate a relationship in the form y = f(x) in
this book, this means differentiate with respect to x unless otherwise
stated.

Lines of the form
y =c are parallel to
the x-axis.

This resultis true
for all powers of x,
positive, negative
and fractional.
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There is nothing special about the letters x, y or f. If, for example, your curve
represents time, 7, on the horizontal axis and velocity, v, on the vertical

axis, then the relationship could be referred to as v = g(¢). In this case v is a
function of ¢ and the gradient function is given by % =g'(1).

The differentiation rule

Although it is possible to find the gradient from first principles which
establishes a formal basis for differentiation, in practice you will use the
differentiation rule introduced above;

y=x" = % = nx" L

You can also use this rule to differentiate (find the gradient of) equations
that represent straight lines. For example, the gradient of the line y = x is

the same as y = x', so using the rule for differentiation, % =1xx=1

The gradient of the line y = ¢ where c is a constant is 0. For example,
y =4 is the same as y = 4x" so using the rule for differentiation,

% =4 x 0x x~1 =0. In general, differentiating any constant gives zero.

The rule can be extended further to include functions of the type y = kx"
for any constant k, to give
dy

—>y=kx" = > =nkx"l

dx
You may find it helpful to remember the rule as

multiply by the power of x and reduce the power by 1.



The gradient function
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=» Worked example

For each function, find the gradient function.

a y=x’ b u=4x° c v=>572
3
d y=dx e P=4Vvi foy=4 =3
X
Solution
a y=x’ b u=4x°
:%z%cé :%=4x3x2=12x2
c v=52 d y=4x3
d
- %zsmt — 10t = ay=4><(—3)x‘3‘1 =—12x~*
1 3_
et BEb—
X
1 dp 141 3 3
. — 72 &= 212 4x° -5 4 5
Using Vi =1 ==t == s y=t
=% = y=4x-5x7
12 dy
_l a=4+10x73
Vi _4+ﬂ

Sums and differences of functions

Many of the functions you will meet are sums or differences of simpler
functions. For example, the function (4x3 + 3x) is the sum of the
functions 4x3 and 3x. To differentiate these functions, differentiate each
part separately and then add the results together.

=» Worked example

Differentiate y = 4x3 + 3x.

Solution
dy _ 152
oo 12x*+ 3

This example illustrates the general result that

y=f) +glx) = L=f@)+g.
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=» Worked example

Given that y = 2x> — 3x + 4, find

dy
dx

b the gradient of the curve at the point (2, 14).

a

Solution
dy _ o2
a a—6x 3

b = .
SUbSﬁ'f'Uﬁng x=2 At (2,14),x=2

in the expression — > % =6x(2)?-3=21
dy
'FOI’ d_x I EEEEEEEEE———
Exercise 14.1  Differentiate the following functions using the rules

eeeccccccccccscsccccccsce dy

y=kx" = g =nkx*!

and y=fx)+gkx) = % =f'(x) + g'(x).

1 a y=x* b y=2x° c y=5 d y=10x
1 3 3
2 a y—x? b y=5Jx ¢ P=712 d y=gx2
3 ay=2x+4x*> b y=3x*+8 c y=x’+4 d y=x-5x
4 a f(x)=xl—2 b f(x)=x%
1 1
¢ fx)=4vx- & d f(x)=x2 - x2
Jx
5 a y=x(x-1) b y=x+1)2x-3)
3
c y=2 +25x d y=xJx

X
6 Find the gradient of the curve y = x?> — 9 at the points of intersection
with the x- and y-axes.

VA
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Stationary points

7 a Copy the curve of y =4 — x?

Same axes.

and draw the graph of y = x —2 on the

yl

A

b Find the coordinates of the points where the two graphs intersect.
¢ Find the gradient of the curve at the points of intersection.

Stationary points

A stationary point is a point on a curve where the gradient is zero. This
means that the tangents to the curve at these points are horizontal. The
diagram shows a curve with four stationary points: A, B, C and D.

The points A and C are turning points of the curve because as the curve
passes through these points, it changes direction completely: at A the
gradient changes from positive to negative and at C from negative to
positive. A is called a maximum turning point, and C is a minimum
turning point.

At B the curve does not turn: the gradient is negative both to the left
and to the right of this point. B is a stationary point of inflection.

®)

What can you say about the gradient to the left and right of D?
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14 DIFFERENTIATION

Points where a curve ‘twists’ but doesn’t have a zero gradient are also called
points of inflection. However, in this section you will look only at stationary
points of inflection. The tangent at a point of inflection both touches and
intersects the curve.

Maximum and minimum points
The graph shows the curve of y = 4x — x2.

7 2, 4)
y = 4x - x?

0 AN x

» The curve hasda maximum point at (2, 4).
» The gradient ay at the maximum point is zero.

» The gradient is positive to the left of the maximum and negative to
the right of it.

This is true for any maximum point as shown below.
0

Gradient
pattern + 0 —

For any minimum turning point, the gradient

» is zero at that point
» goes from negative to zero to positive.

Gradient
pattern - 0 +

0

Once you can find the position of any stationary points, and what type
of points they are, you can use this information to help you sketch
graphs.
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=» Worked example

a Forthe curve y=x3>-12x +3

g @ h
i find p and the values of x for which i 0

il classify the points on the curve with these values of x
iii find the corresponding values of y
iv sketch the curve.

b Why can you be confident about continuing the sketch of the curve beyond
the x-values of the turning points?

¢ You did not need to find the coordinates of the points where the curve
crosses the x-axis before sketching the graph. Why was this and under what
circumstances would you find these points?

Solution

oAy _ao
a i dx_3x 12

Y032 10—
Whendx—0,3x 12=0

= 3(x*-4)=0
= 3x+2)(x-2)=0
= x=-2orx=2
LOOk.'ng atthe ii When x=-3, & =3(-3*-12=15. -
gradient pattern gx
aroundx=-1 When x = -1 ay =3(-1*-12=-9. .

Gradient
pattern + 0 —

The gradient pattern is + 0 —
= maximum turning point at x =-2.

Whenx=1, & =317~ 12= -9

Gradient

ttern - 0

Whenx=3 & =337 -12=15 pettem =0

The gradient pattern is — 0 + - "
(_2] lq) is a = minimum turning point at x =+2
maximum and iii Whenx=-2,y=(-2)-12(-2) +3=19. 0
(2, -13) a minimum. When x = +2,y= (2)° - 12(2) +3 = -13.
Tl-,e Value o'Fy iv WheanO,yZ(O)3—12(0)+3=3.
when x =0 tells (-2,19)  ya
you Where the
curve crosses the

-axis.
Y 3
2 2 Q X
2, -13)
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b A cubic has at most 2 turning points and they have both been found. So the
parts of the curve beyond them (to the left and to the right) just get steeper
and steeper.

¢ The sketch is showing the shape of the curve and this is not affected by
where it crosses the axes. However, you can see from the equation that it
crosses the y-axis at (0, 3) and it is good practice to mark this in.

=) Worked example

Find all the turning points on the graph of y = #* — 23+ 2 — 2 and then sketch the

curve.
Solution
Y _4p 62+
dr
%=0 = 48 -6 +2t=0 Torm:
= 22 -3t+1)=0 vrning
= 22-1)(t-1)=0 /ponnfsdoccur
= t=0o0rt=050rt=1 Wlaend—);:ol

When =0, y=(0)*=2(0)+(0)>-2=-2.
When t=0.5, y=(0.5)*—2(0.5) + (0.5 - 2 =— 1.9375.
Whent=1, y=(1)*-2(1P°+(1)?-2=-2.

Plotting these points suggests that (0.5,-1.9375) is a maximum turning point and
You can find (0,-2) and (1,-2) are minima, but you need more information to be sure. For
whether the example when t=-1, y =+ 2 and when ¢t = 2, y = + 2 so you know that the curve

gra dientis po sitive goes above the horizontal axis on both sides.

or negative by \ Vg /
taking a test point

in each interval.

For example,

t = 0.25in the
interval 0 <t < 0.5;
when t = 0.25, % is
positive.

y=0»-208+1-2

(0.5, -1.9375)

(1 ' _2)

Exercise 14.2  You can use a graphic calculator to check your answers.

For each curve in questions 1 — 8:

d d
i find d—i and the value(s) of x for which ay =0

ii classify the point(s) on the curve with these x-values
iii find the corresponding y-value(s)
iv sketch the curve.

234




Using second derivatives

©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000 00

1T y=1+x-2x*

2 y=12x+3x*-2x3

3 y=x-4x2+9

L y=x>(x—1)?

5 y=x*-8x*+4

6 y=x3—48x

7 y=x3+46x>-36x+25

8 y=2x>-15x>+24x+8

9 The graph of y = px + gx* passes through the point (3,-15). Its
gradient at that point is —14.
a Find the values of p and gq.

b Calculate the maximum value of y and state the value of x at which
it occurs.

10 a Find the stationary points of the function f(x) = x?(3x> — 2x -3) and
distinguish between them.
b Sketch the curve y = f(x).

Using second derivatives

Y

In the same way as —= or f'(x) is the gradient of the curve y = f(x), %(ﬂ)

dx dx
or f”(x) represents the gradient of the curve y = f'(x).
.. . d? . o
This is also written as dx—f and is called the second derivative. You can
dty .
find it by differentiating the function %. Note that AT{ is not

2

the same as (j_i)

=» Worked example

2

ind S for y=4x’+3r-2
Find ;7 for y=4x’+3x-2.
Solution

dy ) d?y
a—le +3z>w—24x

In many cases, you can use the second derivative to determine if a
stationary point is a maximum or minimum instead of looking at the

value of % on either side of the turning point.
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14 DIFFERENTIATION

0
A
+ - - +
B
0
d?y d?y
——<0atA ——>0atB
d?x dx?
2
At A, =0 and d* <2 <0 showing that the gradient is zero and since 3};

<0,itis decreasmg near that point, so must be going from positive to
negative. This shows that A is a maximum turning point.

2
AtB, % =0and jx—{ > 0 showing that the gradient is zero and since @ >0,

it is increasing near that point, so must be going from negative to positive.
This shows that B is a minimum turning point.

Note that 1f d_p and =0 at the same point, you cannot make a

decision about the type of turning point using this method.

=» Worked example

For y=2x3-3x2-12x+4

a Find dy and find the values of x when dy =0.

dx dx
b Find the value of at each stationary point and hence determine its
nature.

¢ Find the value of y at each of the stationary points.

d Sketch the curve y=2x%-3x2-12x+4.

Solution
dy _ 2 _ _
a a—éx 6x—12
=6(x2-x-2)

=6(x+1)(x-2)

So Y_ =0 when x = -1 and when x =2.

dx
b i{{ 12x-6
When x = -1, %y =—-18= a maximum
When x = 2 — =18 = a minimum
¢ Whenx= —l,y =2(-1)3-3(-1)2-12(-1) + 4

=11
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Using second derivatives

When x =2, y=2(2) - 3(22 - 12(2) + 4

=-16

d The curve has a maximum turning point at (-1, 11) and a minimum turning
point at (2, -16).

When x =0, y =4, so the curve crosses the y-axis at (0, 4).

VA

g
=V

~10 A
—12 4
~14 -
~16 4

=» Worked example

Maria has made some sweets as a gift and makes a small box for them from a
square sheet of card of side 24 cm. She cuts four identical squares of side xcm,
one from each corner, and turns up the sides to make the box, as shown in the
diagram.

24cm

24cm

xcam

a Write down an expression for the volume V of the box in terms of x.

v _y,

. dV
b Find e and the values of x when P

¢ Comment on this result.

d Find ‘2;—‘2/ and hence find the depth when the volume is a maximum.

Solution
a The base of the box is a square of side (24 — 2x)cm and the height is xcm, so
V=(24-2x)" xx
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14 DIFFERENTIATION

Takin9 a factor
of 2 out of each ——= =4x(12-x)’cm?

bracket bV =4x(144 - 24x +x?)
=576x - 96x2 + 4x3
So 9V = 576 - 192x + 122
=12(48 - 16x + x?)
12012 - x)(4— x)
So%zO when x = 12 and when x = 4.

¢ When x = 12 there is no box, since the piece of cardboard was only a square
of side 24 cm.

—=d d_V ~192 + 24x
576-192x +12x2 de?

USingj—VZ

When x =4, dd ‘2/ =-96 which is negative.

Therefore the volume is a maximum when the depth x = 4cm.
I EEEEEEEEE———

. 2
Exercise 14.3 1 Find % and % for each of the following functions:

a y=x>-3x2+2x-6 b y=3x*-4x3
c y=x>-5x+1

2 For each of the following curves
i find any stationary points
ii use the second derivative test to determine their nature.
a y=2x>-3x+4 b y=x3-2x>+x+6
c y=4x*-2x2+1 d y=x>-5x

3 For y=2x>-3x>-36x+4

a Find =2 y and the Values of x when gx 0.

b Find the value of < at each stationary point and hence determine its
nature.

¢ Find the value of y at each stationary point.

d Sketch the curve.

4 A farmer has 160m of fencing and wants to use it to form a rectangular
enclosure next to a barn.

barn

wall

Find the maximum area that can be enclosed and give its dimensions.

5 A cylinder has a height of # metres and a radius of r metres where
h+r=3.
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a Find an expression for the volume of the cylinder in terms of r.
b Find the maximum volume.

6 A rectangle has sides of length xcm and ycm.
a If the perimeter is 24 cm, find the lengths of the sides when the area is
a maximum, confirming that it is a maximum.
b If the area is 36 cm?, find the lengths of the sides when the perimeter is
a minimum, confirming that it is a minimum.

Equations of tangents and normals

Now that you know how to find the gradient of a curve at any point, you
can use this to find the equation of the tangent at any given point on the
curve.

=» Worked example

a Find the equation of the tangent to the curve y = 3x? — 5x — 2 at the point (1, -4).

b Sketch the curve and show the tangent on your sketch.

Solution .
Subs'ﬁfuﬁngx:l a y=3x2—5)C—2=>ay=6x—5
into this gradient At (1,—4),%=6x1—5

'Funcﬁon giVef ————> andsom=1
the gradient of

the curve and So the equation of the tangent is given by

therefore the y(__i’;z(lx(_xli) <——x;=Ly,=%andm=1
. y_ = x_
fangent at this S y=x-5<———Thisis the equation of the tangent.

point.
b y=3x%*-5x-2is au-shaped quadratic curve that crosses the crosses the
y-axis when y = -2 and x-axis when 3x* — 5x -2 =0.

3x2-5x-2=0= GBx+1)(x-2)=0
1
:>x=—§orx=2

yl
y=3x2-5x-2

y=x-5

=¥

- ;_Z\W
-5
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The normal to a curve at given point is the straight line that is at right
angles to the tangent at that point, as shown below.

curve

normal
tangent

Remember that for perpendicular lines

mym,=-1.

=» Worked example

Find the equation of the tangent and normal to the curve y =4x? —2x> at the

point (1, 2).

Draw a diagram showing the curve, the tangent and the normal.
Itis slightly Solution
easier fo use y=4x2-2x = %:8)(—6)62
Y=y =mx-x) d
here than At(1,2), the gradient is ¢+ =8-6=2
Y= n/l,x +c If yev The gradient of the tangent is m, =2
substitute the .
gradien‘i’m — 72 —> So,using Y=y =m(x—x;)
and the point (1,2)  the equation of the tangent is y-2=2(x-1)
info y =mx+ ¢, you y=2x 1

1=2X1+c
9e+ The gradient of the normal is m, = Lo 1 3
andsoc =10 m; 2 N
So the equation of ~ So.using y=y=m(x=x) 5
the tangent is . _ 1 N~
y=12x. the equation of the normal is y—2 = —z(x -1) \4
5
y= —% + E
The curve, tangent and normal are shown on this 2 *
graph.
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Equations of tangents and normals

Exercise 14.4 1 The sketch graph shows the curve of y = Sx— x2.
The marked point, P, has coordinates (3, 6).

V4
P (3, 6)
y =5x-x?
0 é\ X
Find: dy
a the gradient function ;-

b the gradient of the curve at P
¢ the equation of the tangent at P
d the equation of the normal at P.

2 The sketch graph shows the curve of y = 3x? — x>. The marked point, P,
has coordinates (2, 4).

VA
y=3x2-x3 P2 4)

a Find: d
i the gradient function @y
ii the gradient of the curve at P
iii the equation of the tangent at P
iv the equation of the normal at P.

b The graph touches the x-axis at the origin O and crosses it at the point Q.
Find:
i the coordinates of Q
ii the gradient of the curve at Q
iii the equation of the tangent at Q.

¢ Without further calculation, state the equation of the tangent to the
curve at O.

3 The sketch graph shows the curve of y = x> — x3.
y

y=x5-x3

X‘

NS
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Exercise 14.4 [cont] ~ Find:
Trrnnnnmnmmmmmmmmmnenene a the coordinates of the point P where the curve crosses the positive
X-axis
b the equation of the tangent at P
¢ the equation of the normal at P.
The tangent at P meets the y-axis at Q and the normal meets the y-axis
at R.
d Find the coordinates of Q and R and hence find the area of triangle
PQR.

4 a Given that f(x) = x> — 3x? + 4x + 1, find £'(x).
b The point P is on the curve y = f(x) and its x-coordinate is 2.
i Calculate the y-coordinate of P.
ii Find the equation of the tangent at P.
iii Find the equation of the normal at P.
¢ Find the values of x for which the curve has a gradient of 13.

5 The sketch graph shows the curve of y =x* — 9x? + 23x — 15.

The point P marked on the curve has its x-coordinate equal to 2.

y

P

/N

0 \/ x

y=x3-9x2+23x - 15

Find: d

a the gradient function ay

b the gradient of the curve at P

¢ the equation of the tangent at P

d the coordinates of another point on the curve, Q, at which the tangent
is parallel to the tangent at P

e the equation of the tangent at Q.

6 The point (2,-8) is on the curve y = x> — px +gq.
a Use this information to find a relationship between p and q.

b Find the gradient function %

The tangent to this curve at the point (2, -8) is parallel to the x-axis.

¢ Use this information to find the value of p.

d Find the coordinates of the other point where the tangent is parallel
to the x-axis.

e State the coordinates of the point P where the curve crosses the y-axis.

f Find the equation of the normal to the curve at the point P.
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Differentiating other functions of x

Deriving these
results from first
principles is beyond
the scope of this
book.

7 The sketch graph shows the curve of y = x? —x — 1.

7 y=x2-x-1

P2, 1)

Y \/ X
a Find the equation of the tangent at the point P(2, 1).
The normal at a point Q on the curve is parallel to the tangent at P.

b State the gradient of the tangent at Q.
¢ Find the coordinates of the point Q.

8 A curve has the equation y = (x — 3)(7 — x).
a Find the gradient function %.
b Find the equation of the tangent at the point (6, 3).
¢ Find the equation of the normal at the point (6, 3).
d Which one of these lines passes through the origin?

9 A curve has the equation y = 1.5x> — 3.5x? + 2x.
a Show that the curve passes through the points (0,0) and (1, 0).
b Find the equations of the tangents and normals at each of these
points.
¢ Prove that the four lines in b form a rectangle.

Differentiating other functions of x

So far you have differentiated polynomials and other powers of x. Now
this is extended to other expressions, starting with the three common
trigonometrical functions. When doing this you will use the standard
results that follow.

sinx, cos x and tan x

e A
y=S8Smx dx—COSX

IOV B
y =COsx dx_ S x

y=tanx:>%=sec2x

— 1
<«—Recall secx=

When differentiating any trigonometric function, the angle must be in
radians.
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=) Worked example

Differentiate each of the following functions:
a y=sinx— cosx

b y=2tanx+3

Solution
Using the results —>a % = cos x — (—sin x)
above ‘
= cosx + sinx Differentiating a
b y=2tanx+3= % = 2(sec%) + 0 «<—— constant alWays
9iVe$ Zero.
=2 sec’x

=» Worked example

a Sketch the graph of y =sinf for 0 =6 = 2.

b i Find the value of % when 6 = g

il At which other point does g—g have this value?

¢ Use differentiation to find the value of % when 6 = 7.

Solution
a YA
14
T T >
i b 3n 2n X
2 2
-1
b i The tangent to the curve when 6 = g is horizontal, so (% =0.
il The gradient is also 0 when 6 = 37”
c y=sinf :%zcose

When9=n,%=cosn=—1.
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=» Worked example

a Find the turning point of the curve y = sinx — cosx and determine its nature.
sxs<m . .
b SketchthecurveforOs=x<mn This means decide
Solution if itis a maximum
a y=sinx-cosx = %=cosx+sinx or minimum point.
At the turning points cosx + sinx =0
= sinx = — cosx <—ivide by cosXx
= tanx=-1
= X = —% (not in the required range)
_3n
or . x=5
When x = 2%, =i 3 os3T
4y = sin7—cos
=2
The turning point is at (%Tn,\/i )
When x = g (to the left), y = sing - cosg =1
1< 2 — When x == (to the right), y = sinnt —cosm = 1.

Check where the
curve crosses ﬂwe$ b
axes.

So the point (%Tn,x/f ) is a maximum turning point.

When x =0, y =sin0 - cos0 =-1.

When y =0, 0=sinx—cosx
= sinx =cosx Divide by cosXx
= tanx=1

A
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=» Worked example

For the curve y =2cos#6 find:

a the equation of the tangent at the point where 0 = %
b the equation of the normal at the point where 6 = g
Solution
a y=2cos6 = ﬂ——2 in 6
y= ag -~ 8
=T = T
When 6 = 3 Y 20053
=1
dy _ . E
and q6° —2sin 3
-3

Us’ing y=mx + ¢ ——>= So the equation of the tangent is given by y = —03+c.
Substituting values for y and 6:

——(%)x/g+c :>c—1+n\/_
The equation of the tangent is therefore

y——Gx/—+1+“\/—

by

T de

= —1+(—\/§)
1

3
Using Y =mx+ ¢ —= The equation of the normal is given by y = %9 +c.

b The gradient of the normal = —

Substituting values for y and 6:

1=%(§)+c = —1—?
_1_M

The equation of the normal is therefore

v 503

Again, deriving e*and lnx
ﬂwes eres ‘{HT ﬁ’?’" You met exponential and logarithmic functions in Chapter 7 Here are
first principles is the standard results for differentiating them.
beyond the scope Ay
o'Fﬂnlsbook R T

dy 1
This is the only y=hx= o=~
function where

_d

Y=
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=» Worked example

Differentiate each of the following functions:
a y=>5lnx
b y=In(5x)
c y=2e*+1In(2x)
Solution
1

a y=5hx = %:5(;)

_5
Tx In5Sis a number so
b y=In(5x) = y=In5+Inx differentiating it
dy 1 gives zero.
dx " x
¢ y=2e*+In2x) = %:%u%

Part b shows an important result. Since In(ax) = Ina + In x for all values
where a > 0,

- dy _ 1
y-ln(ax):a—}.

Worked example

a Find the turning point of the curve y = 2x — In x and determine its nature.

b Sketch the curve for 0 < x < 3.

Solution
P dy_,_ 1
a y=2x-lnx = dx—2 p
dy _1
5—0 = 2—x
=x =05

When x=0.5,2x —Inx=17 (1d.p.).
When x = 0.3 (to the left),2x — In x =18 (1 d.p.).
When x = 1.0 (to the right),2x — Inx =2 (1 d.p.).

Therefore the point (0.5, 1.7) is a minimum turning point.
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b YA
]
4
) Note
In this graph the 34
y-axis is an asymptote.
The curve gets nearer 2 1
and nearer to it but LR
never quite reaches it. 14 !
1
1
T T T T T ;
05 1 2 3 4 5 X
—14

Notice that In x is not defined for x < 0, and as x — 0,In x — —0 s0
2x —In x — + oo,

=» Worked example

For the curve y =2e* + 5 find the equation of:

a the tangent at the point where x = -1

b the normal at the point where x =—1.

Solution dy
a y=2e"+5 = a=2ex
Whenx=-1, y=2e¢'+5
=245
(S
Y et

dx
Us‘ing y=mx+c —= Sotheequation of the tangent is given by y = 2e'x +c.

Substituting values for y and x:
%+5=2a%—n+c

=2,
c

—c=245
€
The equation of the tangent is therefore

_2,.4
y—ex+e+5.
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. dy
_1de

-1-f}

(S

2

b The gradient of the normal =

Using Yy =mx+cc —= The equation of the normal is given by y = —%x+ c.

Deriving these
results from first
principles is beyond
the scope of this
book.

Substituting values for y and x:

2. 5__¢_
g+5— 2( D+c

_2,5_¢

=>c—e+5 >
The equation of the normal is therefore

y=—%x+%+5—%.

Differentiating products and quotients of
functions

Sometimes you meet functions like y = x?¢*, which are the product of
two functions, x* and e*. To differentiate such functions you use the
product rule.

When u(x) and v(x) are two functions of x

_ dy dv, du
» y=uy = a—ua+va

A shorthand form of y= u(x) X v(x)

=» Worked example

Differentiate y = (x> +1)(2x - 3)
a by expanding the brackets
b by using the product rule.

Solution
a y=(x*+1)(2x-3) b Let u=(x*+1) and v=(2x-3)
du dv
— 9,3 2 du _ dv _
—de —3x*+2x-3 dx—Zx and dx_2
9 62— d
= dx Ox" —6x+2 Productrule:ay=u%+v%

So &= (x2 +1)2)+ 2x-3)(2x)
=2x%+2+4x%-6x

=6x2-6x+2

In this example you had a choice of methods; both gave you the same
answer. In the next example there is no choice; you must use the
product rule.
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=» Worked example

Differentiate each of the following functions:

a y=x%" b y=x’sinx ¢ y=(2x*-4)(e*-1)
Solution
a Let u=x%and v=e* b Letu= x*andv=sinx

du _5and 9V = ex %=3x2andgzcosx

dx dx dx dx

d
Pro:uct rule: &y = u% + v% Product rule: % - u% + v%
y _ x x .
So g = X7t + e (2%) So % = x3cosx + (sinx)(3x?)
=xe'(x+2) = x2(xcosx + 3sinx)

¢ Letu=(2x*-4)andv=(e*-1)

du ., » dv _
I =6x and—] =e
dy dv du

Product rule: = Ydx + Vi

So I = (200 ~4)(e") + (e~ 1)(62?)
=2x%" —4e* +6x%e* — 6x?

. . . e* . .
Sometimes you meet functions like y = 241 where one function, in

this case e, is divided by another, x? + 1. To differentiate such functions
you use the quotient rule.

For —_u
Y=y
du _ dv
VE— U
by Tde Tdx
dx v?
=) Worked example
. . 343
Differentiate y = x2x2
a by simplifying first b by using the quotient rule.
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Solution
x3+3

y= 2

=(x3+3)x7?

=x+3x7?

So % =1-6x3
This quotient rule
is longer in this
case, butis useful
when itis not
possible to simplify
first.

Differentiating products and quotients of functions
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b Let u=x3+3 and v = x2

du _ , > dv _
I~ 3x* and o= 2x
d ydu_, dv
: L4y T dx dx
Quotient rule: TR
dy x?(3x?)—(x*+3)2x
dx ~ (xz)z
_ 3x*—2x*—6x
P
_x*—6x
0
=1-6x"3

=» Worked example

Differentiate each of the following functions:

3

a _ 2x2 +3

x- -1
Solution

2x3+3

a X T2

YT

Let u=2x*+3 and v=x2-1

d

Quotient rule:

dy _ (x* =1)6x* - (2x7 +3)2x

dx
o vl
dx — v2

du _¢.2 dv _
dx_6x and =2x

dx

(=17

6x* —6x2 —4x* —6x

(v 1)’

e~
ex
b y:x—z

Let u=¢* and v = x2

% =e* and % =2x
du dv
. i dy _ va—ua
Quotient rule: i —
dy _x*(e¥)-e*(2x)
SR AP Ak i 2
d (+?)
_ x%e’ — 2xe*
(x?)*
_xet(x=2)
= =
_ef(x-2)
==
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Differentiating composite functions

Sometimes you will need to differentiate an expression that is a
function of a function.

For example, look at y = +/x? + 1; the function ‘Take the positive square
root of’, denoted by +/~, is applied to the function (x? + 1). In such cases
you use the chain rule.

You know how to differentiate y = vx and you know how to
differentiate y = x? + 1 but so far you have not met the case where two
functions like this are combined into one.

The first step is to make a substitution.
Letu=x>+1.

1
So now you have to differentiate y = Ju ory =u2,

. . 1, it
You know the right-hand side becomes %uZ or Ly

2
What about the left-hand side?
. e d
The differentiation is with respect to u rather than x and so you get d—z

d
rather than Ey that you actually want.

d d .
To go from d_i to ay ,you use the chain rule,

de  du” dx
You made the substitution = x?> + 1 and differentiating this gives
du _ oy

dx
. d . .
So now you can substitute for both d—Z and (3—‘;‘ in the chain rule and get

i L 2x = xu
This isn’t quite the final answer because the right-hand side includes the
letter u whereas it should be given entirely in terms of x.

I .d -1 -
Substituting u = x? + 1, gives &y = x(x? +1) 2 and this is now the answer.
However it can be written more neatly as

b___x

Notice how the .
dx [.2
awkward function,———> V%" +1
Vxt +1, has This is an important method and with experience you will find short

cuts that will mean you don’t have to write everything out in full as it

reappeared in the
has been here.

ﬁnal answer.
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=» Worked example

Given that y = (2x—3)* . find %

Solution
Let u=2x-3)soy=u*
dy _ s
i 4u
=4(2x-3)°
du _
=2
dy du dy _ 3
USmg xP—>= T=4Qx-3)x2
=8(2x-3)°

You can use the chain rule in conjunction with the product rule or the
quotient rule as shown in the following example.

=» Worked example

Find % when y = (2x + 1)(x +2)'°.

Solution
Letu=R2x+1) andv = (x+2)"

Using the chai
$'ng " —=Then %= 2 and &= 10(x +2)° x 1

rule to find ‘J—V dx
=Q2x+1D)x10x+2)° + (x+2)%x2
dx
USmg the produc‘f' / =10Q2x+D)(x+2)° + 2(x +2)"° Taking z(x + 2)‘7
rule & = j; +v j;‘ =2(x+2)[32x+ 1)+ (x+2)]<— out as a common
=2(x+2)°(11x+7) factor

Exercise 14.5 1 Differentiate each of the following functions:
a y=3sinx - 2tanx b y=5sin6-6 ¢ y=2cosf-2sinf

d y=4Inx e y=In4x f y=3e"
g y=2e"—1In2x
2 Use the product rule to differentiate each of the following functions:
a y=xsinx b y=xcosx ¢ y=xtanx
d y=e*sinx e y=e'cosx f y=e‘tanx

3 Use the quotient rule to differentiate each of the following functions:

sin x COS X
a = X b =_* c = Cosx
Y X y= sin x Y x?
2
X X tanx
= e = - f = 7
Y COS X y tan x y=
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14 DIFFERENTIATION

Exercise 14.5 [cont] 4 Use the chain rule to differentiate each of the following functions:

a2 y=(x+3) b y=(2x+3) c y=(x2+3)4
d y=+vx+3 e y=+2x+3 foy=+vx2+3
5 Use an appropriate method to differentiate each of the following
functions:
_ sinx _1l+cosx
a y_1+cosx b y= sinx
¢ y=sinx(l+cosx) d y=-cosx(l+sinx)
e y=sinx(1+ cosx)’ f y=cosx(l+ sinx)?

6 Use an appropriate method to differentiate each of the following

functions: 1
— X _ e’ _Inx
a y=e'lnx b y=1= ¢ Y=
7 Use an appropriate method to differentiate each of the following
functions: _
-X g _e” _sinx
a e *sinx b y= P ¢ Y=

8 A curve has the equation y = sin x — cosx where x is measured in radians.
a Show that the curve passes through the points (0,—1) and (=, 1).
b Find the equations of the tangents and normals at each of these
points.

9 A curve has the equation y = 2tan x — 1 where x is measured in radians.
a Show that the curve passes through the points (0, —1) and (g, 1).

b Find the equations of the tangents and normals at each of these
points.

10 A curve has the equation y = 2Inx - 1.
a Show that the curve passes through the point (e, 1)
b Find the equations of the tangent and normal at this point.

11 A curve has the equation y =e* —Inx.
a Sketch the curves y = e*and y = Inx on the same axes and explain
why this implies that e* — Inx is always positive.
b Show that the curve y = e* — Inx passes through the point (1, e).
¢ Find the equations of the tangent and normal at this point.

Past-paper questions

1 The diagram shows a cuboid with a rectangular base of sides x cm
and 2x cm. The height of the cuboid is y cm and its volume is 72 cm?.

yam

2x cm

\/

A
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Differentiation

(i) Show that the surface area A cm? of the cuboid is given by

A=4y2 4216 [3]
(ii) Given that x can vary, find the dimensions of the cuboid when A
is a minimum. [4]

(iii) Given that x increases from 2 to 2 + p, where p is small, find, in
terms of p, the corresponding approximate change in A, stating
whether this change is an increase or a decrease. [3]

Cambridge O Level Additional Mathematics 4037
Paper 11 Q12—-OR June 2011
Cambridge IGCSE Additional Mathematics 0606
Paper 11 Q12—OR June 2011

., dy
2 Find ax when

(i) y= costsin(%), [4]
lii) y=202. [4]

Cambridge O Level Additional Mathematics 4037
Paper 21 Q10 June 2014
Cambridge IGCSE Additional Mathematics 0606
Paper 21 Q10 June 2014

3 (a) Differentiate 4x> In(2x + 1) with respect to x. [3]
: , 2x dy __x+4
(b) (i) Given that y= , show that &= ——- 4
N dv  (Jx+2) 4l
Cambridge O Level Additional Mathematics 4037
Paper 12 November 2013

(Part question: part b (ii) and (iii) omitted)
Cambridge IGCSE Additional Mathematics 0606
Paper 12 November 2013

(Part question: part b (ii) and (iii) omitted)

Learning outcomes 77
Now you should be able to:

* understand the idea of a derived function

. 2
* use the notations f'(x), f”(x), &, 47 [: i(ﬂ)]
e’ a2 | T deldr

* apply differentiation to gradients, tangents and normals,
stationary points, connected rates of change, small increments and
approximations and practical maxima and minima problems

* use the first and second derivative tests to discriminate between
maxima and minima

* use the derivatives of the standard functions x" (for any rational n),
sin x, cos x, tan x, €%, In x, together with constant multiples, sums
and composite functions of these

* differentiate products and quotients of functions. J/ B




14 DIFFERENTIATION

Key points M
................. . o,

vy=kx" = ay=nkx"‘1andy=c = "
where 7 is a positive integer and k and ¢ are constants.
d . .
vy=f+e) = F=f@+egw

v dy_ 0 at a stationary point. The nature of the stationary
point can be determined by looking at the sign of the gradient

d2y
immediately either side of it or by considering the sign of dx2 .
o If % < 0, the point is a maximum.

o If % > 0, the point is a minimum.

o If % = 0, the point could be a maximum, a minimum or a
point of inflection. Check the values of % on either side of the

point to determine its nature.
v For the tangent and normal at (x,, y,)
dy
dx
e the gradient of the normal, m, = _mL

1
¢ the equation of the tangentisy —y, = m,(x - x,)

¢ the equation of the normal is y — y, = m,(x — x,).
v Derivatives of other functions:

* the gradient of the tangent, m, =

dy
v The product rule g = g; +v 211;4
du dv
dy  Viar “dx
v The quotient rule - = %
: dy dy du
v The chain rule e Rt
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